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Abstract

Metals can be foamed to ca. 50% porosity in the solid state by the creation of gas-pressurized pores within the metal, followed by

expansion of these pores at elevated temperatures. We present here models for the time-dependence of pore expansion during solid-

state foaming performed under isothermal conditions, where the metal deforms by creep, and under thermal cycling conditions,

where superplasticity is an additional deformation mechanism. First, a continuum-mechanics model based on the creep expansion of

a pressure vessel provides good quantitative agreement with experimental data of isothermal foaming of titanium, and qualitative

trends for the case of foaming under thermal cycling conditions. Second, an axisymmetric finite-element model provides predictions

very similar to those of the pressure-vessel model, indicating that stress-field overlap is unimportant when pores are equidistant.

Numerical modeling shows that stress-field overlap increases foaming rate when pores are clustered, and also cause anisotropic pore

growth. However, a bimodal distribution of pore size was found to have little effect on pore growth kinetics.

� 2004 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

In a companion paper [1], we presented an experi-

mental study of foaming of titanium, utilizing solid-state

expansion of argon pores at elevated temperatures; the

argon-filled pores had been trapped within a commer-

cially pure titanium (CP-Ti) matrix during hot-isostatic

pressing of powders. At constant temperature, foaming
occurs as the metallic matrix around the pressurized

argon pores deforms by creep, a method, which was first

described by Kearns et al. [2,3] for the alloy Ti–6Al–4V,

and was further studied by others for the same alloy [4–

8] and for CP-Ti [1,9–12]. For CP-Ti, we showed that

this foaming technique is limited by the low creep rate of

the metal which leads to sluggish pore growth [1]. To

achieve a porosity level of 10%, foaming times of 20 h
are needed at 980 and 950 �C, and 50 h at 903 �C; 250 h
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are necessary to reach a total porosity of 30% at the

highest temperature studied (980 �C). Another problem

is the limited ductility of CP-Ti under creeping condi-

tions, which leads to fracture of the walls separating

individual pores [1]. Pores coalescing with each other

and with the specimen surface leads to escape of the

pressurized gas responsible for foaming, thus limiting

the maximum achievable porosity.
In previous publications [1,9–12], we showed that

these two issues (low creep rate and low ductility) could

be addressed by performing foaming under superplastic

conditions. Rather than using microstructural super-

plasticity requiring fine grains, which are difficult to

achieve in porous powder-metallurgy materials, we use

transformation superplasticity (TSP), which occurs at all

grain sizes in titanium and Ti–6Al–4V [13]. Foaming
was thus performed during thermal cycling around the

a=b allotropic temperature of titanium [1], where

transformation superplasticity is induced by the super-

position of the internal transformation stresses (due to

the mismatch in density between coexisting a- and b-Ti
phases) and a biasing stress, provided in this particular
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case by the internal pore pressure [1]. We showed that

foaming occurred much more rapidly during thermal

cycling (e.g. a porosity level of 35% was achieved after

20 h) because of the higher strain rate achievable under

superplastic conditions as compared to isothermal creep
conditions. Also, much higher maximal porosities were

achieved (as high as 44%), because of the low flow re-

sistance and the high ductility of the pore walls, which

delay pore coalescence.

The purpose of the present article is to model some of

the experimental results presented in the companion

paper [1], with the goal of understanding foaming under

both creep and superplastic conditions. We present here
two modeling methods to predict foaming behavior: an

analytical model based on continuum-mechanical con-

siderations and a numerical model using the finite ele-

ment modeling (FEM).
2. Analytical modeling of pore growth

2.1. General equations

A foaming body can be thought of as an array of small

pressure vessels whose internal pressure causes defor-

mation of the vessels walls. The simplest approximation

used to describe the growth of pores in a matrix is that of

a single spherical pore surrounded by a spherical metallic

shell with a volume fraction matching that of the metal in
the foam, as illustrated in Fig. 1. The mechanics of this

model was first described by Finnie and Heller [14] for

the case of an infinitely thick pressure vessel and was

developed for finite thickness pressure vessels by Wil-

kinson and Ashby [15,16] for HIPing of powder during

‘‘stage 2’’ consolidation, when the material is greater

than 90% dense (with individual small spherical pores

whose stress fields do not interact). It is assumed that the
creeping solid is isotropic and that the pores are both

equally spaced and spherical. Others have also used this

model to describe consolidation of powders [17–20]. In

addition, the creeping spherical pressure-vessel model

has been used to describe cavity growth for the incuba-

tion period during hydrogen attack of steels at constant
Fig. 1. Schematic showing: (left) an array of pressurized pores in a contin

representative volume element (RVE) containing a pore; (right) a single sph
temperature and pressure, where small pores filled with

methane due to reaction of hydrogen with carbon from

the dissolution of carbides in the steel [21,22], and during

growth of argon-filled pores by dislocation creep and

grain boundary sliding in Ti–6Al–4V [8]. The following
development of the relations for pore expansion is out-

lined in [15] for a creeping, thick-walled, pressure vessel,

which was applied to powder consolidation under pow-

er-law creep conditions.

Assuming, as illustrated in Fig. 1, that the behavior of

a spherical pressure vessel (representing a single pore)

can describe the macroscopic behavior of the material,

the relative density q of the vessel (and, thus, of the
foam) is given by geometry as

q ¼ a
b

� �3
; ð1Þ

where a and b are the inner and outer radius of the

spherical pressure vessel, respectively. The densification

rate, _q, is then

_q ¼ 3
a
b

� �3 _b
b

 
� _a
a

!
: ð2Þ

Based on the work by Finnie and Heller [14], the fol-

lowing relation for the densification rate was developed

by Wilkinson and Ashby [15] for the case of powder

consolidation

_q ¼ 3SA
2

qð1� qÞ
1� ð1� qÞ1=n
h in 3

2n
jDP j

� �n

; ð3Þ

where DP ¼ Pe � Pi is the difference between the external

and internal gas pressures, S ¼ signðDPÞ is used to al-

leviate any ambiguities that may arise if the power-law
exponent has an even value, A is the power-law creep

constant (including the activation energy term), n is the

stress exponent of the wall material assumed to deform

under uniaxial conditions according to a power-law

_e ¼ Arn; ð4Þ
where _e is the uniaxial strain rate and r the uniaxial

applied stress.

During powder consolidation, the external pressure,

Pe, is greater than the internal pressure, Pi, and the
uous matrix growing by creep deformation of the matrix; (middle) a

erical pressure vessel with the same pore volume fraction as the RVE.
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densification rate, _q, is positive. However, if Pi is greater
than Pe, as in the present case of pore expansion, _q is

negative. Using the pore volume fraction f (also called

porosity in the following) as

f ¼ 1� q ð5aÞ

the foaming rate, _f , is then

_f ¼ � _q: ð5bÞ

Introducing Eqs. (5a) and (5b) into Eq. (3) and rear-

ranging leads to

_f ¼ 3A
2

f ð1� f Þ
1� f 1=n½ �n

3

2n
jDP j

� �n

: ð6Þ

For the gas pressure difference, DP ¼ Pe � Pi, the exter-

nal pressure, Pe, is constant (in our case it is atmospheric

pressure, Pe ¼ 0:1013 MPa), but the internal pressure, Pi,
is continuously evolving during changes in temperature

and during pore growth. Using the ideal gas law, the

internal pore pressure, Pi, can be written in term of
the initial pore pressure, P0, the initial temperature, T0,
the initial pore fraction, f0, and the foaming tempera-

ture, T, as

Pi ¼ P0
f0

1� f0

1� f
f

T
T0

: ð7Þ

The initial pore pressure and temperature are taken
from the HIP conditions (P0 ¼ 100 MPa and T0 ¼ 890

�C), and the initial pore fraction is

f0 ¼ 1� a0
b0

� �3

; ð8Þ

where a0 and b0 are the initial inner and outer radius of

the spherical pressure vessel, respectively. In the present

study, an initial pore fraction f0 ¼ 0:14% was used, as

measured by the Archimedes method on the as-HIPed

samples [1].

2.2. Isothermal foaming

For the first case to be modeled, where argon pores

expand in titanium at a constant temperature, defor-

mation by climb-controlled power-law creep is assumed,

so n ¼ 4:3 [23] can be used in Eq. (6). The power-law

creep exponent Apl depends on temperature as [23]

Apl ¼
A2Deffb
kTln�1

; ð9Þ

where A2 is the Dorn constant, b is the Burgers vector, l
is the shear modulus, and Deff is the effective diffusion

coefficient. At high temperatures, lattice diffusion dom-

inates creep deformation and the effective diffusion co-

efficient can be approximated to equal the volume

diffusion coeffiecient, Dv, which varies with temperature

as [23]
Dv ¼ Dov exp
�Qv

RT
; ð10Þ

where Qv is the activation energy for volume diffusion

and Dov is the lattice diffusion pre-exponential constant.

The shear modulus is also temperature-dependent [23]

lðT Þ ¼ l0 1

�
þ T � 300

Tm

� �
Tm
l0

dl
dT

� ��
; ð11Þ

where Tm is the melting temperature. The constants, A2,

b, Dov, Qv, l0, and ðTm=l0Þðdl=dT Þ, take different values
for a- and b-Ti [23].

During the early stages of foaming when the pressure

inside the pore is large (100 MPa), pore growth likely

occurs by glide-controlled creep (power-law break
down) before making a transition to climb-controlled

creep at lower stress (pore pressure) where power-law

creep as described by Eq. (4) is used. While both regions

can be described using a hyperbolic sine creep law, in

most cases (except at higher Ar backfill pressures) by the

time the specimens have reached 1% porosity, the pore

pressure is sufficiently small for the deformation to be

described simply by power-law creep. The contribution
to pore growth by glide-controlled creep will be ignored

and only described using the power-law relation, which

produces a small underestimate of the deformation rate.

Similarly, deformation by diffusional creep is not con-

sidered due to the large grain sizes (well above the 10 lm
critical grain size for grain boundary sliding [24]) ob-

served in the titanium foams.

Introducing Eqs. (7)–(11) into Eq. (6), the foaming
rate equation for isothermal foaming under power-law

condition becomes

_f ðtÞiso ¼
3

2

� �5:3 A2Dov exp
�Qv

RT

� �
b

kTl3:3
0 1þ T�300

Tm

� �
Tm
l0

dl
dT

� �� �3:3
� f ð1� f Þ

1� f 1=4:3½ �4:3
1

4:3
Pe

����
�

� P0
f0

1� f0

1� f
f

T
T0

����
�4:3

:

ð12Þ

Eq. (12) is a differential equation for the porosity f ,
which includes processing parameters (initial tempera-

ture and initial pore fraction and pore pressure), foam-

ing parameters (foaming temperature and external

pressure) and material physical and creep parameters,

all of which are experimentally accessible.

2.3. Thermal cycling foaming

For the second case where titanium is foamed by

thermal cycling through the a=b-phase transformation,

transformation superplasticity is another active defor-

mation mechanism with the following uniaxial defor-

mation law:

_e ¼ ATSPr; ð13Þ
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where ATSP is

ATSP ¼ 4

3

DV
V

1

r0

5n
4nþ 1

1

Dt
; ð14Þ

where DV =V is the volume mismatch between the two

phases of titanium, r0 is the average internal stress

during transformation and Dt is the time interval for the

transformation [25]. A value of ATSP ¼ 2:3ðGPa�1Þ=Dt
for CP-Ti was found under uniaxial tension in three

different studies (as summarized in [26]) and has been

used previously to accurately model TSP deformation
such as multiaxial doaming of CP-Ti, Ti–6Al–4V and

their composites by thermal cycling [27] as well as den-

sification of metal powders by thermal cycling [20]. ATSP

is independent of temperature, as TSP is only operative

during the phase transformation.

Introducing Eq. (13) into Eq. (6) with n ¼ 1 and

A ¼ ATSP, the foaming rate for thermal cycling under

TSP condition becomes

_f ðtÞTSP ¼ 9ATSP

4
f Pe

����
�

� P0
f0

1� f0

1� f
f

T
T0

����
�
: ð15Þ

Since thermal cycles typically extend above and below

the transformation temperature, two deformation
mechanisms can be considered to take place indepen-

dently and sequentially during the thermal cycle: trans-

formation superplasticity within, and creep outside the

transformation range. Then, the total foaming rate can

be approximated as the sum of the foaming rate due to

creep outside the transformation range (Eq. (12)) and

that due to TSP in the transformation range (Eq. (15))

_fcyc ¼ _f ðtÞiso þ _f ðtÞTSP: ð16Þ
Eq. (16) can then be integrated to find f ðtÞ, while setting
to zero either contribution in the right-hand side of the

equation, when those mechanisms are not active.
2.4. Computational procedures

No closed-form solution exists for Eqs. (12) and (16)

which were solved numerically to find the porosity as a

function of time, f ðtÞ. Using materials parameter from

[23], the equations were iteratively solved using an

adaptive, step-size, non-stiff Adams method or a stiff
Gear method based on Least Square Ordinary Differ-

ential Equation.

First, the porosity accumulated during the initial

temperature excursion from room temperature to

foaming temperature was calculated, using heating rates

T ðtÞ ¼ 75 or 15 �C/min in Eqs. (12) and (16), depending

on the experimental data used for comparison. This

porosity was then added to that accumulated during
subsequent foaming. For isothermal foaming, this was

achieved by solving Eq. (12) at the isothermal foaming

temperature. For thermal cycling foaming, Eq. (16) was

solved using the effective temperature of the thermal
cycle for Eq. (4). The effective temperature, Teff , is de-

fined as the temperature at which the isothermal creep

rate is the same as the time-averaged creep rate during

thermal cycling in the absence of TSP [28,29], and was

calculated using creep activation energies given in [23]
for a-Ti and b-Ti. This approach, which spreads the TSP

contribution over the whole cycle, allows the use of a

single temperature T ¼ Teff to solve Eq. (16), thus con-

siderably simplifying the calculations, as compared to

using the true cycling profile, for which each cycle would

need to be considered.

The choice of temperature does not affect the uniaxial

TSP strain contribution as ATSP is temperature-inde-
pendent, but it has an effect on the pore pressure (Eq.

(7)); the error in using Teff rather than the true trans-

formation temperature in Eq. (16) is expected to be

negligible. Similarly, the pressure variation associated

with the temperature cycle is averaged during the creep

calculations. The isothermal creep contribution in using

Eq. (16) with T ¼ Teff is slightly over-estimated, as

during the cycle there is no creep during the phase
transformation. However, the error is insignificant as

the transformation is expected to take place rapidly.
3. Numerical modeling of pore growth

3.1. Representative volume element

We model the foam as a regularly stacked hexagonal

array of prisms, each containing a pore in their center.

The prism is approximated by a cylinder, as shown

schematically in Fig. 2. The cylinder is a common rep-

resentative volume element (RVE) used in FEM to ap-

proximate void growth during uniaxial tension of ductile

metals [30–35] and polymers [36,37] and for flow of

metal- [38–40] or polymer- [41] matrix composites with
whisker or particulate reinforcement. The axisymmetric

cylinder is used rather than a space-filling array of

prisms, due to the computationally intensive nature of

three-dimensional space-filled modeling as compared

with using the cylindrical axisymmetric approximation,

which is generally considered to lead to only minor er-

rors [30,32–35,39]. In the previous cited cases, where the

axisymmetric models were used to model either void
growth or material behavior in the presence of voids,

particulates or whiskers, a constant, remote state of

stress was applied to the cylinder. For the present case of

pore growth due to internal pressure, different loading

conditions were applied.

The RVEs used for modeling the case of spherical

pores growing due to internal pore pressure by TSP and/

or creep of a titanium matrix surrounding the pores are
shown in Figs. 3(a) and (b). Fig. 3(a) is the basis for

most of the following analyses where a single pore size is

modeled. The pores have an initial radius, r0, and the



Fig. 3. Schematic of axisymmetric model used for modeling pore

growth of (a) one pore, where only the upper half of a pore is modeled;

(b) for two pores of different sizes where both pore are entirely mod-

eled. Pore volume fraction is ca. 5%.

Fig. 2. Schematic showing how the axisymmetric RVE with repeating boundary conditions approximates a space-filling three-dimensional array of

pores within prisms.
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center of the pore is taken to be at the center of the

cylindrical RVE. Running length-wise down the center

of the RVE is the axis of symmetry, and perpendicular

to it is a mirror plane, which cuts the cylinder and pore

in half. Due to symmetry, only the shaded portion of the

cylinder in Fig. 3(a) needs to be modeled. The cylinder is

characterized by a radius b0 and a height c0.
For the case of modeling the pore growth of a single

pore size that is comparable to the data displayed in the

current publication, an initial value r0 ¼ 7:5 lm is given
and b0 and c0 are chosen to maintain the given initial

porosity, f0 ¼ 0:14%. The initial spacing between the

pores is 2b0 in the radial direction and 2c0 axially. Ho-

mogeneous boundary conditions are applied to the

surface of the cylinder requiring that during pore
growth the displacements are constrained such that the

RVE remains cylindrical, so as not to overlap during

pore growth with the ‘‘adjacent’’ RVE, which is not

explicitly modeled, but considered to be taken into ac-

count by the homogeneous boundary conditions. In

such a way, a good approximation of a regularly

stacked hexagonal array of prisms is achieved, taking

into account stress field interaction between adjacent
pores. This is one of the main improvements as com-

pared to the analytical pressure-vessel model presented

above, where the outer surface of the spherical vessel is

assumed traction-free.

Three RVEs based on the one shown in Fig. 3(a) were

used to study the effect of irregular pore spacing on the

foaming rate. Three different cylindrical aspect ratios

were studied: c0=b0 ¼ 1, 3 and 5. Each aspect ratio was
modeled under isothermal (power-law creep only) and

thermal cycling (power-law creep and TSP) conditions

and, in all cases, the initial porosity was taken as

f0 ¼ 0:14% and the initial pore size as r0 ¼ 7:5 lm. An

example of a meshed RVE with c0=b0 ¼ 1 is shown in

Fig. 4.

The effect of various pore sizes within a porous pre-

form upon the foaming rate was explored by using the
RVE in Fig. 3(b) where each pore is equidistant (center-

to-center) from all other neighboring pores in all direc-

tions. In this case, one pore was larger (r1 � 9 lm) and

the other pore was smaller (r2 � 4:5 lm) than that used

in the modeling of equi-sized pores (r0 ¼ 7:5 lm), such

that the ratio of the volume of the larger pore to the

smaller pore was initially 8. The initial porosity of the

RVE remained the same as for equi-sized pore modeling
(i.e., 2r30 ¼ r31 þ r32). In this case, a larger RVE was used

(Fig. 3(b)) where both pores are considered fully. The



Fig. 4. Example of a meshed RVE with an initial porosity f0 ¼ 0:14%

and c0=b0 ¼ 1 for the axisymmetric RVE used in the study of pore

growth.
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radius of the RVE remains b0 but the height is now 4c0
such that the spacing between the pore centers remains

the same as for the case in Fig. 3(a) where c0=b0 was

unity. The case of isothermal foaming and thermal cy-

cling were studied. Again, the dashed line in Fig. 3(b) is
constrained as an axis of symmetry and homogeneous

boundary conditions were applied to the same surfaces

as for the RVE in Fig. 3(a), such that the RVE remained

cylindrical, with the bottom plane as a mirror plane.

All of these simple RVEs discussed above are ap-

proximations and idealizations of the more complex

foam structure. In a real porous structure, the shape of

the pores are irregular, even after HIPing and of
varying sizes and distance to neighboring pores [1].

During foaming under both isothermal and thermal

cycling conditions, pores merge, further changing the

pore shape and, therefore, the stress distribution sur-

rounding the pores. Additionally, pores are not aligned

on regular arrays, but rather are distributed randomly

in space, as the powders were randomly arranged prior

to HIPing.

3.2. Computational procedures

A commercial FEM package [42] was used for all

modeling. The titanium matrix was discretized using

axisymmetric continuum elements (with reduced inte-

gration and hourglass control for integrity during large

displacements) and the pore was modeled using hydro-
static fluid elements applied to its surface. The hydro-

static fluid elements allowed for the pressure inside the

pore to be adjusted with pore growth. The amount of

‘‘fluid’’ inside the pore was constrained to be constant

during the analysis, requiring that the pore pressure
decrease as the pores grow. Both the pore and the RVE

were allowed to expand so that a total volume increase

of the RVE was observed during pore growth.

The thermal cycle initially modeled with FEM was

chosen to be a triangular cycle with upper and lower
temperatures of 830 and 980 �C and a 4 min period, for

which the maximum porosity of 44% was observed ex-

perimentally [1]. Modeling of the titanium material

properties during foaming for the case of thermal cy-

cling was performed by adding the uniaxial strain-rates

under TSP and under power-law creep conditions at 903

�C, the effective temperature of the thermal cycle, such

that

_etot ¼ Aplr
n þ ATSPr ð17Þ

using a user-defined sub-routine, where Apl and ATSP

have the same meaning as for the pressure-vessel model.
This is the same approach taken for the pressure-vessel

model (Eq. (12)) and the same limitations discussed

earlier apply here.

Material properties for titanium under uniaxial con-

ditions for creep [23] and TSP [26] were used. As men-

tioned earlier, uniaxial creep and TSP constants have

been used previously to successfully model multiaxial

deformation in titanium, titanium alloys and their
composites [43] under both creep and TSP conditions.

For each analysis, it was assumed that the gas within

each pore reached equilibrium with the HIP pressure

(100 MPa) during HIPing at 890 �C and the initial pore

pressure used for modeling was taken to be the pressure

at 903 �C (101 MPa) so that, unlike the pressure-vessel

modeling, it is assumed that there is no expansion dur-

ing heating to 903 �C (i.e., heating is instantaneous).
During each analysis, pore volume and pressure, as well

as the displacements of various nodes were recorded to

monitor the pore and RVE aspect ratios.

Due to the current limitations of the software, most

foaming curves f ðtÞ had to be computed in two parts.

At the high initial pore pressures, high strain rates

produced large nodal displacements. The model could

not be re-meshed and restarted automatically, because
of the necessity to use hydrostatic fluid elements, to

achieve automatic adjustment of pore pressure with its

growth; hydrostatic fluid elements are incapable of

being re-meshed automatically. Rather, after reaching

about 2% porosity, the deformed RVE was redrawn

and re-meshed, and a new calculation initiated, using

as initial pore pressure the value achieved at the end of

the first computation. This procedure was not repeated.
RVEs with two pores did not require re-meshing. Us-

ing a Pentium II, 400 MHz Window NT computer,

analysis for the typical single pore RVE (Fig. 3(a)) had

a wall clock time of about 8 h to model 60 h of

foaming, while those for the two-pore RVE (Fig. 3(b))

required about 24 h computation to model 5 h of

foaming.
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4. Results and discussion

4.1. Pressure-vessel model predictions

Foaming curves, where porosity f is plotted as a
function of time, are plotted in Figs. 5(a)–(d) as calcu-

lated from Eqs. (12) and (16). Due to the scale of the

graphs, the heating portion of the curve (which is near

horizontal) is not visible behind the data point near the

origin.

For the case of isothermal foaming, predictions from

Eq. (12) match the experimental porosity data [1] for

903 �C (Figs. 5(a) and (c)) and 955 �C (Fig. 5(d)), up to
the relatively modest porosity level of 10%. For porosity

greater than 10%, and up to the maximal experimental

porosity of 17% in Fig. 5(d), the model somewhat un-

derestimates the observed porosity. The error is, how-

ever, acceptable, given uncertainties in materials creep

constants and initial parameters.

For thermal cycling superplastic conditions, the

foaming curves calculated with Eq. (16) overlap with the
calculated isothermal creep curves (Eq. (12)) at low
Fig. 5. Pressure-vessel model predictions for the foaming curves under variou

cycle effective temperature (dotted lines) compared to experimental data [1] (p

�C, (c) 20 min cycles, 830–980 �C (903 �C), (d) 30 min cycles, 830–1050 �C (
porosity values in Figs. 5(a), (c), and (d), as expected

from the fact that creep is much more rapid than TSP at

high stresses, when the pore pressure is high. The effect

of superplasticity becomes apparent as a departure of

the TSP foaming curves from the creep foaming curves
in Figs. 5(a), (c), and (d), which occurs at earlier times

(and lower porosity), the faster the cycling rate and thus

the larger the TSP contribution, as expected. Figs. 5(a)

and (c) are qualitatively consistent with data trend for

the 830–980 �C/4 min, and 830–980 �C/20 min thermal

cycles. The TSP model predicts similarly well how

changing the effective temperature of the thermal cycle

(by increasing the maximum temperature of the thermal
cycle at constant heating/cooling rate) affects the trends

in the foaming curves, as shown in Figs. 5(b)–(d) where

the TSP model predictions are compared to experi-

mental data for thermal cycles of 830–930 �C/13 min,

830–980 �C/20 min, and 830–1050 �C/30 min, respec-

tively. While the TSP predictions are able to capture the

general shape of the experimental foaming curves during

thermal cycling, the magnitude of the porosity is under-
predicted by a factor of about two.
s thermal cycling conditions (solid lines) and isothermal anneals at the

oints): (a) 4 min cycles, 830–980 �C (903 �C), (b) 13 min cycles, 830–930

955 �C).



Fig. 6. FEM predictions for foaming curves under thermal cycling

(830–980 �C/4 min) and isothermal conditions (903 �C), compared to

experimental data [1] and pressure-vessel (PV) model predictions.
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One possible source of error is the value for initial

porosity (f0 ¼ 0:14%), which was measured experimen-

tally by Archimedes density measurements [1]. However,

this value may have errors as large as �0.11% porosity

(i.e., f0 could be as low as 0.03% or as high as 0.25%),
due to the uncertainty in the density of CP-Ti to more

than three significant digits (qTi ¼ 4:51 g/cm3 is used,

but the value could be 4.505 or 4.515 g/cm3). To inves-

tigate the effect of initial porosity, curves were calculated

for various values of initial porosity above and below

the nominal value f0 ¼ 0:14% for the thermal conditions

of Fig. 5(a). Assuming a value f0 ¼ 0:20% (well within

the experimental error) shifts the foaming curves to-
wards higher values, decreasing by ca. half the discrep-

ancy with respect to the TSP data shown in Fig. 5(a)

[44]. Another set of calculations for various initial

pressures showed that the maximal estimated experi-

mental error of 5 MPa had only a very small effect on

the calculated curves of Fig. 5(a) [44].

There must be other sources for the underestimation

of the TSP model in Figs. 5(a)–(d) beyond the errors in
initial porosity and pressure. Other possible reasons

include: (i) overlapping of stress fields from neighboring

pores, resulting in higher stress in the pore wall mate-

rial than calculated with the present model assuming no

pore interactions; (ii) non-uniform spatial distribution

of pores leading to stress concentrations in areas where

pores are clustered; (iii) distribution of pore sizes, also

leading to local stress concentrations and more rapid
pore growth; (iv) non-spherical pore shape, which may

produce more rapid pore growth, especially in con-

junction with the other effects listed above producing

stress concentrations; (v) pore merging leading to

highly non-spherical growing more quickly than the

parent pores before merging; (vi) additional internal

stresses (assisting the transformation stresses in pro-

ducing TSP) as a result of thermal gradients because of
the poor thermal conductivity of foamed titanium; (vii)

more rapid creep deformation mechanisms during the

creep portion of the cycle, e.g., power-law breakdown

at high stresses, diffusional creep at low stresses, and

cavitation at high strains. We note that the above ef-

fects will induce relatively small errors at the low po-

rosity values observed during isothermal foaming,

which may explain why predictions of Eq. (12) are in
better agreement with data than those of Eq. (16),

where experimental porosity reaches values as high as

44%.

Furthermore, because the model makes no allowance

for pore opening to the specimen surface, it cannot

predict the decrease (and eventual cessation) in foaming

due to gas loss by pore surface opening, which is ob-

served experimentally as open porosity [1] and which
leads to the plateau in Figs. 5(a)–(d). The purpose of the

numerical calculations described in the following section

is to explore the effects (i)–(iii) listed above.
4.2. FEM predictions

4.2.1. Single equi-sized pore

Foaming curves as calculated by FEM for the case of

a single, equi-sized pore ðc0=b0 ¼ 1Þ are compared with
experimental data and pressure-vessel model predictions

in Fig. 6 for both isothermal and thermal cycling con-

ditions. In this figure, porosity accrued during the

heating ramp was not included for the pressure-vessel

predictions, to allow a direct comparison with FEM

results which also exclude the heating ramp; this error is

insignificant, as can be seen from the very small porosity

increase accumulated during ramp times plotted in Figs.
5(a)–(d). For the case of isothermal creep, there is ex-

cellent agreement between the FEM predictions and the

predictions from the pressure-vessel model. Also, under

thermal cycling conditions, FEM results match the

predictions from the pressure-vessel model well, with the

FEM curve shifted to slightly higher porosity values.

Thus, the overlapping of stress fields from neighboring

pores, which is taken into account in the FEM predic-
tions but not in the pressure-vessel calculations, has little

overall effect on the foaming curves of Fig. 6, and can-

not explain the discrepancy between predictions and

thermal cycling data.

Fig. 7 shows the von Mises matrix stress in the RVE,

in the form of stress contour maps, for foaming under

thermal cycling conditions (830–980 �C/4 min), where

deformation is induced both by TSP (during transfor-
mation) and power-law creep (in the b-Ti field). The

effect of stress field overlap between adjacent pores is

visible as deviation from a circular shape for the stress

contour, illustrating that this effect becomes the more

important the farther from the pore surface, as expected.

The slight radial asymmetry of the stress contours

shown in Fig. 7 is due to the choice of the cylindrical



Fig. 7. FEM predictions for the von Mises stress distribution during foaming under thermal cycling conditions (830–980 �C/4 min) for a preform with

an initial porosity f0 ¼ 0:14% and c0=b0 ¼ 1 after 1 s, 0.25, 1, 2 and 4 h of thermal cycling.
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RVE, which does not share the spherically symmetry of

the pore.

After 1 s of foaming, Fig. 7 shows that the porosity is

over twice the original value f0 ¼ 0:14% and the maxi-
mum von Mises stress value at the pore surface has

dropped significantly from ca. 100 to 23 MPa due to the

drop in pore pressure from the original value of ca. 100

MPa. After 15 min of foaming, the pore volume has

further grown by a factor ca. 7 (the pore pressure has

dropped by the same factor) and the stress in most of the

matrix volume is below 2.6 MPa. After 1 h of foaming

(corresponding to fifteen 4-min cycles between 830 and
980 �C) the porosity has further doubled, and the matrix

stress has dropped below 2 MPa in most of the matrix

volume. This stress range, below ca. 2.5 MPa, is where

TSP emerges as a deformation mechanism more rapid

than creep in uniaxial tension test of CP-Ti [26,29],

which is reflected in Fig. 6 by a departure of the TSP

foaming curve from the isothermal foaming curve. After

a final quadrupling in time to 4 h, the porosity has
doubled to 8%, and is almost twice that under creep

conditions; the von Mises stress in the whole volume is

below ca. 2.2 MPa, so that TSP dominates over creep

everywhere in the RVE.

As mentioned earlier, the predicted foaming curves

for the pressure-vessel and FEM model are quite close

(Fig. 6), so that the much larger time investment for the

FEM model may seem unnecessary. This somewhat
unexpected result could not have been predicted a priori

and may only be valid for the present experimental pa-

rameters. Also, the complex stress distribution in Fig. 7
predicted by the FEM model illustrates that FEM is a

valuable tool for a better understanding of the defor-

mation mechanisms occurring during foaming. Finally,

as described in the following sections, FEM allows for
the exploration of pore spatial distribution and size

distribution.

4.2.2. Pore clustering

Figs. 8(a) and (b) show FEM foaming curves using

RVEs with varying c0=b0 aspect ratios (and constant

r0 ¼ 7:5 lm) for both thermal cycling and isothermal

foaming. Increasing the aspect ratio of the RVE, which
translates into decreasing the pore spacing along the

radial direction and increasing their spacing along the

axial directions, result in a noticeable increase in pore

growth rate for both isothermal foaming and thermal

cycling.

For isothermal foaming (Fig. 8(b)), all modified

RVEs over-predict the experimental porosity. However,

for the case of thermal cycling (Fig. 8(a)), the modified
RVE with c0=b0 ¼ 5 matches the experimental data

much better than for the case of equidistant pores with

c0=b0 ¼ 1. Since the pore distribution was the same for

both experiments, pore clustering ðc0=b0 ¼ 5Þ cannot be
invoked to match prediction to the TSP data, while not

invoking it ðc0=b0 ¼ 1Þ for the isothermal case.

An improvement between data and model for

Fig. 8(a) can be achieved if a modified value of ATSP is
used to describe the TSP behavior (Eq. (14)) with an

RVE aspect ratio of unity, as shown in Fig. 8(a). In this

case, a good match between data and prediction is



Fig. 9. FEM predictions for the von Mises stress distribution after 5 h

of foaming. (a) Isothermal foaming (creep, 903 �C); (b) thermal cycling

foaming (superplasticity and creep, 830–980 �C/4 min). All RVEs had

an initial porosity of 0.14%.

Fig. 8. FEM predictions (lines) for the foaming curves using RVE with various aspect ratio and number of pores compared to experimental data [1]

(points) for (a) 830–980 �C/4 min thermal cycling and (b) isothermal foaming at 903 �C.
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achieved if the value of ATSP is multiplied by a factor 3.

It should be noted, however, that the value of the ATSP

for CP-Ti is characterized within a factor of ca. 1.5

[25,26,29] under uniaxial conditions, so that this cor-

rection cannot fully explain the discrepancy. Also, the
uniaxial value of ATSP has been used previously to de-

scribe and model multiaxial deformation due to TSP

under similar thermal cycling conditions [43], so it is

unlikely that the error originates from the multiaxial

state of stress. However, it is conceivable that a com-

bination of increased ATSP within the allowed range of

1.5 and mild pore clustering could explain most of the

discrepancy between model and data in Fig. 8(a), while
maintaining the good fit in Fig. 8(b).

The enhancement in foaming rate due to the irregular

pore spacing ðc0=b0 > 1Þ can be further investigated by

comparing the von Mises stress-states in each case after

5 h of isothermal foaming under isothermal or thermal

cycling conditions, as shown in Fig. 9. The reduced ra-

dial spacing between the pores for c0=b0 > 1 creates

strong stress concentrations in the thin pore walls, as a
result of stress field overlap between adjacent pores.

Conversely, the stress fields in the longitudinal direction

do not overlap significantly. As a result, the pore grows

more in height (c-direction) by extensive deformation of

the thin, highly stressed pore wall and the pore becomes

elongated as pore growth continues.

The aspect ratio of the pores rc=rb (where rc and rb are
the pore radii along the c- and b-directions) and the
RVE aspect ratio c=b (normalized by the original aspect

ratio c0=b0Þ after 5 h of foaming is summarized in Table

1. This table shows that, for RVEs with a single, un-

clustered pore ðc0=b0 ¼ 1Þ, both the pore and the RVE

remain equiaxed under either creeping or superplastic

conditions. However, when the pores are clustered (for

c0=b0 > 1), both the pore and the RVE grow in an an-

isotropic manner. This theoretical result indicates that



Table 1

Aspect ratios for pores ðrc=rbÞ and for RVE (c=b, normalized by c0=b0) as predicted by FEM after 5 h of foaming under isothermal or cycling

conditions

c0=b0 ¼ 1 c0=b0 ¼ 3 c0=b0 ¼ 5 c0=b0 ¼ 1 Small pore c0=b0 ¼ 1 Large pore

rc=rb Isothermal 1.02 1.10 1.50 1.03 0.84

Cycling 1.00 1.10 1.43 1.02 1.02

ðc=bÞ=ðc0=b0Þ Isothermal 1.02 1.12 1.20 1.04

Cycling 1.00 1.09 1.20 1.04
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initially spherical pores can become quite elongated if

they are clustered or aligned (either by design or by

chance during powder processing). The resulting an-

isotropy in pore wall thickness and shape could create a

material with mechanical properties that are direction-

ally dependent. There is no significant difference in the

predicted aspect ratios after 5 h of foaming between

isothermal and thermal cycling conditions, which is ex-
pected due to the similarity between the foaming rates

for thermal cycling and isothermal foaming for RVE�s
with c0=b0 > 1 (Figs. 8(a) and (b)).

For c0=b0 ¼ 1 or 3, the pores grow faster under

thermal cycling superplastic conditions as compared to

growth under isothermal creeping conditions, as can be

seen from the foaming curves in Figs. 8(a) and (b). This

results in a lower pore pressure after 5 h of thermal
cycling and, therefore, a lower state of stress in the

matrix, as seen in Fig. 9. The enhancement in foaming

rate due to TSP decreases with c0=b0 increasing from 1

to 3 (Fig. 8). This is similar to experimental data [44]

showing that, for preforms with initially thin pore walls,

the enhancement due to thermal cycling is minimal.

However, for c0=b0 ¼ 5, the foaming curve for isother-

mal conditions is somewhat faster than for thermal cy-
cling conditions (Fig. 8). This is unphysical as, even in

the extreme case where TSP would yield no enhance-

ment to deformation, the two foaming curves should

overlap. Therefore, this discrepancy must be due to er-

rors, which most probably occurred during the manual

re-meshing procedure.

4.2.3. Pore size distribution

Also shown in Figs. 8(a) and (b) are foaming curves

calculated for the case where the matrix contains pores

of two different sizes, with a RVE shown in Fig. 3(b)

exhibiting the same initial average porosity and pore

center-to-center distance as the single pore RVE with

c0=b0 ¼ 1 (Fig. 3(a)). The two-pore RVE shows a

foaming rate only marginally faster than the single pore

RVE, indicating that pore size distribution has only a
minor effect on the foaming rate. As compared to the

single pore case, the stress concentration is enhanced

between the larger pores and reduced between the

smaller pores in both horizontal and vertical directions,

as illustrated in Fig. 9. All pores are near equiaxed after

5 h of foaming, as for the single pore case, except for the
larger pore under creep conditions, which has an aspect

ratio of 0.84 (Table 1). This result was unexpected and

may be due to the complex interactions between the

overlapping stress fields of both small and large pores.

Finally, the small stress concentration present at the

equator of the small pore deforming by TSP in Fig. 9 is

most probably a numerical artifact.

4.2.4. Limitations of model

The FEM approach is a more realistic method for the

modeling of solid-state foaming than the analytical ap-

proach, by removing limitations (i)–(iii) listed in the

previous section. However, limitations (iv)–(vi) remain,

and may explain why the current FEM results do not

absolutely reproduce experimental data, in particular

under thermal cycling conditions. Some of the model
limitations are inherent in continuum-mechanical mod-

eling, such as assuming a periodic array of pores in

space. Pore coalescence and opening to the surface

(open porosity) are not able to be modeled using current

methods.

More sophisticated boundary conditions could be

applied, e.g., a staggered stacking of with BCC sym-

metry [41], truncated axisymmetric cylinders [37], or
Voronoi tessellation, where the pore spacing is different

in the radial and axial directions. Furthermore, the

axisymmetric model used here due to limited computing

power is expected to generate increasingly important

error as compared to a true space-filling cubic RVE.

Also, for modeling of thermal cycling, the effects of

isothermal creep at 903 �C (the effective temperature for

the thermal cycling) and of TSP were added, as the two
mechanisms are independent and occur at different times

during the thermal cycle. Thus, the thermal cycles were

not explicitly modeled. Since the enhancement due to

TSP is most significant in the presence of small stresses,

even a factor as minor as the stresses due to the presence

of thermal gradients present during thermal cycling,

could cause significant superplastic effects. Additionally,

the presence of thermal gradients could change the
phase transformation kinetics and create a phase front

within the specimen, which could lead to a change in the

pore growth properties as compared to a transformation

by homogenous nucleation and growth in the sample

volume. Due to the lowered thermal conductivity of

metallic foam as compared to bulk metals, thermal
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gradients effect may become important at high levels of

porosity.
5. Conclusions

Models for the time dependence of porosity during

solid-state foaming of a metal containing pressurized

pores have been developed under thermal cycling,

superplastic conditions or under isothermal, creep

conditions.

1. An existing continuum-mechanical analytical

model based on creep of a spherical pressure vessel has
been modified for the case where creep and transfor-

mation superplasticity occur sequentially during thermal

cycling. Additionally, pore growth during initial heating

from ambient temperature was modeled by considering

the temperature dependence of the internal pore pres-

sure and material properties. Good quantitative agree-

ment between model predictions and experimental data

was found for the case of isothermal foaming, and
qualitative experimental trends with varying thermal

cycling time and temperatures were predicted for

foaming under thermal cycling conditions.

2. The finite element method (FEM) was applied to a

representative volume element (RVE) consisting of an

axisymmetric cylinder containing a spherical, pressur-

ized pore in its center with homogeneous boundary

conditions applied to its surface. FEM predictions for
pore growth were in good agreement with the analytical

pressure-vessel model and experimental data for the case

of isothermal, creep foaming and produced qualitative

trends under thermal cycling, superplastic conditions.

3. Pore clustering was modeled by changing the as-

pect ratio of the RVE, leading to an enhancement in

foaming rates for both isothermal and cyclic foaming,

which was more marked for the former conditions.
Stress concentrations due to stress-field overlap during

pore clustering are the cause of this enhancement. An-

other effect of pore clustering is anisotropic pore growth,

causing the originally spherical pores to become elon-

gated during growth.

4. The modeling of a bimodal distribution of pore

sizes using a two-pore RVE led to predictions in foam-

ing rate that are very similar to the predictions for a
single pore size.
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